Abstract. Let X be a smooth projective R-scheme, where R is a smooth Zalgebra. As constructed by Hesselholt, we have the absolute big de Rham-Witt complex WΩ * X of X at our disposal. There is also a relative version WΩ * X/R with W(R)-linear differential. In this paper we study the hypercohomology of the relative (big) de Rham-Witt complex after truncation with finite truncation sets S. We show that it is a projective W S (R)-module, provided that the de Rham cohomology is a flat R-module. In addition, we establish a Poincaré duality theorem.
Introduction
Let X be a scheme over a perfect field k of characteristic p > 0. The de RhamWitt complex W Ω Theorem 1 (cf. Theorem 2.2.1). Let R be a smooth Z-algebra. Let X be a smooth and proper R-scheme. Suppose that the de Rham cohomology H In order to prove Theorem 1, we will construct for all maximal ideals m of R and n, j > 0, a natural quasi-isomorphism:
q−iso −−−→ RΓ(W n Ω * X⊗R/m j /(R/m j ) ), where p = char(R/m). The right hand side is RΓ of the de Rham-Witt complex defined by Langer and Zink. Thus it computes the crystalline cohomology, which in our case is a free W n (R/m j )-module. Taking the limit lim ← −j , this will yield the flatness of
as W n (lim ← −j R/m j )-module for all maximal ideals m, which is sufficient in order to conclude the flatness of the de Rham-Witt cohomology. Concerning Poincaré duality we will show the following theorem.
Theorem 2 (cf. Corollary 3.3.7). Let R be a smooth Z-algebra. Let X − → Spec(R) be a smooth projective morphism such that H i crys (Frob) with the projection.
As will be made precise in Section 3, the projective system
, together with the Frobenius morphisms {φ n } n∈N>0 , defines an object in a rigid ⊗-category C R . Maybe the most important property of C R is the existence of a conservative, faithful ⊗-functor
T (H i dRW (X/W(R))) = H i dR (X/R). Moreover, C R has Tate objects 1(m), m ∈ Z, and the first step towards Poincaré duality will be to prove the existence of a natural morphism in C R :
Then it will follow easily that Acknowledgements. After this manuscript had appeared on arXiv, we received a letter from professor James Borger who informed us that he had already obtained Theorem 1, for R = Z[N −1 ], in a joint work with Mark Kisin by using similar methods.
I thank Andreas Langer and Kay Rülling for several useful comments on the first version of the paper. [Hes, §1] . We briefly recall the notions in this section. A subset S ⊂ N = {1, 2, . . . } is called a truncation set if n ∈ S implies that all positive divisors of n are contained in S. For a truncation set S and n ∈ S, we define S/n := {s ∈ S | sn ∈ S}.
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Introduction
Let A be a commutative ring. For all truncation sets S we have the ring of Witt vectors W S (A) at our disposal. The ghost map is the functorial ring homomorphism
It is injective provided that A is Z-torsion-free.
For all positive integers n, there is a functorial morphism of rings with unique elements (a s ) s∈S in A. Let T ⊂ A be a multiplicative set and suppose that S is a finite truncation set. We can consider T via the Teichmüller map as multiplicative set in W S (A). Then the natural ring homomorphism
is an isomorphism. If T ⊂ Z is a multiplicative set then
is an isomorphism. Let S be a truncation set, and let n be a positive integer; set T := S\{s ∈ S; n | s}. Then T is a truncation set and we have a short exact sequence of W S (A)-modules:
Example 1.1.1. We have W S (Z) = n∈S Z · V n (1), and the product is given by
, where c = (m, n) is the greatest common divisor [Hes, Proposition 1.6].
1.1.2. The following theorem will be very useful throughout the paper.
Theorem 1.1.3. (Borger-van der Kallen) Let S be a finite truncation set, and let n be a positive integer. Let ρ : A − → B be anétale ring homomorphism. The following hold.
(1) The induced ring homomorphism
(2) The morphism
is an isomorphism. By using Theorem 1.1.3, the exact sequence (1.1.1), and induction on the length of S, we easily obtain the following corollary.
Corollary 1.1.4. Let ρ : A − → B be anétale ring homomorphism. Let S be a finite truncation set.
(i) For an inclusion of truncation sets T ⊂ S, the map
is an isomorphism.
(ii) Let n be a positive integer. For any A-algebra C, the natural ring homomorphism
Notation 1.1.5. If a prime p has been fixed then we set W n := W {1,p,p 2 ,...,p n−1 } .
1.1.6. Let p be a prime. Let R be a Z (p) -algebra. Since all primes different from p are invertible in R, the same holds in W S (R). The category of W S (R)-modules, for a finite truncation set S, factors in the following way. Set
and ǫ n,S := 1 n V n ǫ 1,S/n for all positive integers n with (n, p) = 1. Of course, if S/n = ∅ then ǫ S,n = 0. In the following we will simply write ǫ n for ǫ n,S . For all positive integers n = n ′ with (n, p) = 1 = (n ′ , p) the equalities
Since (n,p)=1 ǫ n = 1 we obtain a decomposition of rings
Notation 1.1.7. For a finite truncation set S we denote by S p the elements in S that are p-powers, that is
(W (S/n)p (R)-modules).
1.1.8. The following two lemmas are concerned with maximal ideals in W S (R).
Lemma 1.1.9. Let R be a ring. Let S be a finite truncation set. For every maximal
Proof. Set k = W S (R)/m, we distinguish two cases:
(1) k has characteristic 0, (2) k has characteristic p > 0. In the first case we can factor
gh, ∼ = − −− → s∈S R ⊗ Q, the claim follows. Suppose now that k has characteristic p > 0. We have a factorization
By decomposing
we can reduce to the case where S consists only of p-powers.
Lemma 1.1.10. Let p be a prime. Let R be a ring such that every maximal ideal p satisfies char(R/p) = p > 0. Let S be a p-typical finite truncation set. Then every maximal ideal m of W S (R) is of the form ker(W S (R)
Proof. Let m be a maximal ideal of W S (R), set k = W S (R)/m. We claim that char(k) = p. Suppose that char(k) = p. From the commutative diagram
we conclude that there is a factorization W S (R)
Thus we may suppose that char [Hes, §4] . In this section we will define the relative version, which is studied in this paper.
Definition 1.2.1. Let A be an R-algebra. Let S be a truncation set and q ≥ 0. We define
We get an induced anti-symmetric graded algebra structure on
Recall that by construction of W S Ω * A , there is, for all finite truncation sets S, a surjective morphism of graded W S (A)-algebras
Lemma 1.2.2. Let S be a finite truncation set.
(1) The morphism (1.2.1) induces a surjective morphism of anti-symmetric graded algebras
The compatibility of π with d follows from π(da) = da for all a ∈ W S (A).
1.2.3. Induced from the absolute de Rham-Witt complex, we obtain for all positive integers n:
and S → W S Ω * A/R forms a Witt complex. Note that, computed in the absolute de Rham-Witt complex, we have
The following equalities hold for the maps (1.2.3), (1.2.4): Proof. Let S → E * S be a Witt complex over A with W(R)-linear differential, that is, d(aω) = ad(ω) for a ∈ W S (R) and ω ∈ E * S . We only need to show that the canonical morphism
It is enough to check this for finite truncation sets. Because π (1.2.1) is surjective, we conclude that W S Ω 1 R is generated by elements of the form da with a ∈ W S (R), which implies the claim.
As a corollary we obtain the following statement. Corollary 1.2.5. Let A be an R-algebra, let p be a prime, and set
There is a unique isomorphism
of Witt complexes over A ′ .
Proposition 1.2.6. Let R be a Z (p) -algebra and let A, B be R-algebras. Let S be a finite truncation set.
(1) Via the equivalence from (1.1.3) we have
via the equivalence from (1.1.3).
Proof. For (1). The claim follows from [HM01, Proposition 1.2.5]. In the notation of loc. cit. the right hand side (1.2.5) equals i ! i * WΩ * A/R , and i * , i ! preserve initial objects, since both functors admit a right adjoint.
For (2). Follows immediately from the construction in (1).
is the relative de Rham-Witt complex n → W n Ω * A/R defined by Langer and Zink [LZ04] .
Proof. We have a restriction functor
where we use the definition of [Hes, §4] for the source category and the definition of [LZ04, Introduction] for the target category. The functor i * admits a right
is the initial object in the category of F -V -procomplexes as is the relative de Rham-Witt complex constructed by Langer and Zink [LZ04] .
1.2.8. Let S be a finite truncation set. Let A − → B be anétale morphism of R-algebras. For all q ≥ 0 the induced morphism of W S (B)-modules
is an isomorphism. Indeed, this follows immediately from the analogous fact for the absolute de Rham-Witt complex [Hes, Theorem C].
Lemma 1.2.9. Let R ′ − → R be anétale ring homomorphism. Let A be an R-algebra. Then, for all truncation sets S,
Proof. We may assume that S is finite. The assertion follows from
1.2.10. For every truncation set S we have a functor
This functor has been studied by Borger [Bor11b] , our notation differs slightly: the notation is W * in [Bor11b] . For an affine scheme U = Spec(A), we have W S (U ) = Spec(W S (A)). If X is separated and (U i ) i∈I is an affine covering of X, then W S (X) is obtained by gluing
In particular, (W S (U i )) i∈I is an affine covering of W S (X). The functor is extended to non-separated schemes in the usual way.
If T ⊂ S is an inclusion of finite truncation sets then
is a closed immersion and functorial in X.
1.2.11. If X is an R-scheme then we can glue in the same way a quasi-coherent sheaf W S Ω q X/R . Indeed, let us suppose that X is separated. Let (Spec(A i )) i∈I be an affine covering and set Spec(
Aij /R , by using (1.2.6), we can glue to a quasi-coherent sheaf W S Ω X/R on W S (X). Independence of the covering and
For an inclusion of truncation sets T ⊂ S, we obtain
The following diagram is commutative:
The differential, the Frobenius and the Verschiebung operations are defined in the evident way:
14. Let X be an R-scheme, let S be a finite truncation set. We define
, where the right hand side is the hypercohomology for the Zariski topology.
1.2.15. Note that F n and V n are not morphisms of complexes. For all positive integers n and all finite truncation sets we set
. We obtain a morphism of complexes β n : ı S/n,S * W S/n Ω * X/R − → W S Ω * X/R , satisfying the equalities:
X/R and λ ∈ ı S/n,S * W S/n Ω * X/R . In Section 3 we will study the {φ n } n≥1 operations induced on the de Rham-Witt cohomology.
1.2.16. Note that the Hodge to de Rham spectral sequence and the quasi-coherence of W S Ω q X/R imply the following fact. Assume X is separated and W S (X) is a noetherian scheme. Let (U i ) be an open affine covering for X, we denote by U = (W S (U i )) the induced covering of W S (X). Then we can compute H i dRW (X/W S (R)) by using theČech complex for U:
). In the derived category we have a quasi-isomorphism:
Proposition 1.2.17. Let R be a flat Z-algebra. Let X be a smooth R-scheme. Let S be a finite truncation set.
(i) For all non-negative integers q, W S Ω q X/R is Z-torsion-free, that is, multiplication by a non-zero integer is injective.
Via the decomposition 1.2.5 we may suppose that S = {1, p, . . . , p n−1 }. Certainly we may assume that X ′ = Spec(B) and that there exists anétale ring homomorphism Proposition 1.3.1. Let R be a flat and finitely generated Z-algebra. Let X be a flat and proper scheme of relative dimension d over R. Let S be a finite truncation set. The following hold.
(i) For all non-negative integers i, j the cohomology group
Proof. For (i). We denote by f : X − → Spec(R) the structure morphism. The scheme W S (X) is noetherian, because it is of finite type over Spec(Z). By [Bor11b, Proposition 16 .13] the induced morphism W S (f ) : W S (X) − → W S (R) is proper. Moreover, W S Ω j X/R defines a coherent sheaf on W S (X) (see 1.2.12). For (ii). The fibers of W S (f ) at closed points of Spec(W S (R)) have dimension d. In fact, as topological spaces they are disjoint unions of the corresponding fibers of f . This implies the claim.
For (iii). Follows from (i) via the Hodge to de Rham spectral sequence. For (iv). Again this follows from the Hodge to de Rham spectral sequence, statement (ii), and Proposition 1.2.17(ii).
De Rham-Witt cohomology
2.1. Reduction modulo an ideal.
2.1.1. Recall that W n = W {1,p,...,p n−1 } whenever a prime p has been fixed (Notation 1.1.5). The goal of this section is to prove the following theorem.
Theorem 2.1.2. Let R be a flat Z (p) -algebra, let B be a smooth R-algebra, and let n be positive integers. Let I ⊂ R be an ideal such that p m ∈ I for some m. Choose a W n (R)-free resolution
. In particular, we obtain an isomorphism
More precisely, functoriality means that for any morphism A − → B of smooth R-algebras, the diagram
Remark 2.1.3. The proof of Theorem 2.1.2 does not go beyond the methods of [LZ04] , so that the theorem may be well-known but we couldn't provide a reference.
Proof of Theorem 2.1.2. We define the morphism (2.1.1) by
(B/I)/(R/I) , so that the functoriality of (2.1.1) is obvious.
1.
Step: The first step is the reduction to B = R[x 1 , . . . , x d ]. We can use thě Cech complex (see 1.2.16) in order to reduce to the case where there exists anétale morphism A = R[x 1 , . . . ,
Note that p nm = 0 in W n (R/I). Since W n Ω * B/R is p-torsion-free (Proposition 1.2.17), we see that
, and therefore (2.1.4) is a morphism of complexes. Theorem 1.1.3 implies that
is an isomorphism for all W n (A)-modules M . Thus the claim follows from (1.2.6).
On the other hand, Corollary 1.1.4 shows that for every W n (A/I)-module M the map
This yields an isomorphism of complexes
Finally, since W c (B)/p nm isétale over W c (A)/p nm , we are reduced to proving that
is a quasi-isomorphism. 
is a quasi-isomorphism, where the first morphism is induced by
The same statement holds for R/I, hence the assertion follows from the quasi-isomorphism
Corollary 2.1.4. Let R be a flat and finitely generated Z-algebra, and let m ⊂ R be a maximal ideal; set p = char(R/m). Let X be a smooth and proper R-scheme, let n, j be positive integers. There is a natural quasi-isomorphism of complexes of W n (R)-modules:
Proof. The claim follows from Theorem 2.1.2 by usingČech complexes (see 1.2.16).
2.2. Flatness.
Theorem 2.2.1. Let R be a smooth Z-algebra. Let X be a smooth and proper R-scheme. Suppose that the de Rham cohomology H * dR (X/R) of X is a flat Rmodule. Then H * dRW (X/W S (R)) is a finitely generated projective W S (R)-module for all finite truncation sets S. Moreover, for an inclusion of finite truncation sets T ⊂ S, the induced map
Since W S (R) is a noetherian ring and we know that H * dRW (X/W S (R)) is a finitely generated W S (R)-module (Proposition 1.3.1), it remains to show that it is flat. This is a local property and can be checked after localization at maximal ideals of W S (R). Our proof relies on Theorem 2.1.2 or, more precisely, Corollary 2.1.4.
Lemma 2.2.2. Let R be a finitely generated Z-algebra. Let m be a maximal ideal of R, let n be a positive integer, and set p = char(R/m).
Proof. By Lemma 1.1.10, both rings are local. Thus we only need to prove flatness. We note that W n (R) is a noetherian ring, because R is a finitely generated Z-algebra. Thus W n (R m ), being a localization of W n (R), is a noetherian ring.
Obviously, we have the equalities
Moreover, it is easy to check that (W n (m i R m )) i and (W n (mR m ) i ) i induce the same topology on W n (R m ). Therefore
which implies flatness.
Lemma 2.2.3. Let R be a finitely generated Z-algebra. Let m be a maximal ideal of R, let n be a positive integer, and set p = char(R/m). Let C be a bounded complex of W n (R m )-modules such that H i (C) is a finitely generated W n (R m )-module for all i. Then, for all i,
and the W n (R)-module structure on the right hand side.
As a first step we will prove that
Clearly, we may assume that C = C 0 is concentrated in degree 0. Since C 0 is finitely generated we conclude that Tor
) is a finitely generated W n (R/m j )-module for all i. The ring W n (R/m j ) contains only finitely many elements, hence
is finite. By using Lemma 2.2.2 and the first step (all R 1 lim ← − vanish) we can reduce the assertion to the case of a complex C = C 0 that is concentrated in degree zero (hence C 0 is finitely generated). In this case we need to show:
Claim (a) follows from (2.2.2). Claim (b) follows from (a) and the flatness of
Proposition 2.2.4. Assumptions as in Corollary 2.1.4. Set
(i) For all i and n, we have a functorial isomorphism
(ii) Suppose furthermore that the following conditions are satisfied:
(1) There exists a lifting φ :R − →R of the absolute Frobenius on R/m; let ρ :R − → W n (R) be the induced ring homomorphism. By abuse of notation we will denote the restriction of ρ to R by ρ again. (2) The de Rham cohomology H * dR (X/R) is a locally free R-module. Then there is an isomorphism
which is natural in the following sense. For all l > j we have a commutative diagram
For a morphism of R-schemes f : X − → Y , where Y /R satisfies the same assumptions as X, the following diagram is commutative:
Proof. For (i). Set
. In view of Proposition 1.3.1, the assumptions for Lemma 2.2.3 are satisfied. Applying the lemma and using Corollary 2.1.4 implies the claim.
For (ii). Consider the following cartesian squares
where X n,j is by definition the fibre product. Note thatR
− − →R is the identity, which implies that the left hand square is cartesian.
By the comparison theorem [LZ04, Theorem 3.1] we have a functorial isomorphism
. By the comparison isomorphism of crystalline cohomology with de Rham cohomology due to Berthelot-Ogus we get
For the last isomorphism we have used condition (2) on the de Rham cohomology of X.
Proof of Theorem 2.2.1. Without loss of generality we may assume that R is integral. It suffices to show the flatness of H i dRW (X/W S (R)) when considered as a W S (R)-module. This can be checked after localizing at maximal ideals. By using Lemma 1.1.9 it suffices to prove that H i dRW (X/W S (R)) ⊗ WS (R) W S (R m ) is a flat W S (R m )-module for every maximal ideal m ⊂ R. Similarly, it is sufficient to prove (2.2.1) after tensoring with W T (R m ).
Let m ⊂ R be a maximal ideal, and set p = char(R/m). By using the decomposition of W S Ω * X/R ⊗ Z (p) from Proposition 1.2.6 together with (1.1.3) we may assume that S is p-typical, say S = {1, p, . . . , p n−1 }, and hence T = {1, p, . . . , p m−1 }. Since R is a smooth Z-algebra, there is a lifting φ :R − →R of the absolute Frobenius of R/m, whereR = lim ← −j R/m j . Therefore Proposition 2.2.4 implies
, and we can prove the flatness by using Lemma 2.2.2.
Tensoring (2.2.1) with W m (R) (recall that T = {1, p, . . . , p m−1 }) and by using Proposition 2.2.4(ii), we see that (2.2.1) ⊗ W m (R) is induced by the identity on the de Rham cohomology. Hence it is an isomorphism by Lemma 2.2.2.
3. Poincaré duality 3.1. A rigid ⊗-category.
Definition 3.1.1. Let R be a Z-torsion-free ring and Q a non-empty truncation set. We denote by C ′ Q,R the category with objects being contravariant functors S → M S from finite truncation sets contained in Q to sets, together with 
, -for all truncation sets T ⊂ S ⊂ Q the following diagram is commutative:
The functor S → M S is required to satisfy the following properties.
• For all truncation sets S ⊂ Q, the W S (R)-module M S is finitely generated and projective.
• For all truncation sets T ⊂ S ⊂ Q:
• There is a positive integer a such that there exist morphisms (3.1.1)
for all positive integers n and all finite truncation sets S ⊂ Q, satisfying the following properties: -β n is a morphism of W S (R)-modules when M S/n is considered as a
Morphisms between two objects in C ′ Q,R are morphism of functors that are compatible with the [S → W S (R)]-module structure and commute with φ n for all positive integers n. We simply write C ′ R for C ′ N>0,R . Remark 3.1.2. Note that the β n are not part of the datum; we can always change β n → n b β n for a non-negative integer b.
For an inclusion of truncation sets Q ⊂ Q ′ , we have an evident functor
. Let S ⊂ Q be a finite truncation set. Fix a > 0 and β n as in 3.1.1.
(1) For all positive integers n, m with (n, m) = 1 we have
(2) For all positive integers n, m we have
considered as morphisms M S/nm − → M S . (3) For all truncation sets T ⊂ S the following diagram is commutative:
Proof. The ring W S (R) is Z-torsion-free, because it can be considered via the ghost map as a subring of s∈S R, and R is Z-torsion-free by assumption. Since M S is a flat W S (R)-module, it is Z-torsion-free.
This follows from β m • φ m = V m (1)m a−1 and φ n • φ m = φ m • φ n . For (2). We may argue as in (1) by composing with •φ nm .
For (3). We may argue as in (1) by composing with •φ n . The computation is straightforward.
Lemma 3.1.4. Let f : M − → N be a morphism in C ′ Q,R , and choose a positive integer a and β M,n , β N,n as in (3.1.1). Then f S • β M,n = β N,n • f S/n for all S, n. In particular, the choice of the β n in Definition 3.1.1 depends only on the positive integer a.
Proof. Again, we may use that M S is Z-torsion-free. Now,
Proposition 3.1.5 (Tensor products).
Proof. This is a straightforward calculation. We can take β M⊗N,n = β M,n ⊗ β N,n .
The tensor product equips C ′ Q,R with the structure of a ⊗-category with identity object 1, where
Definition 3.1.6. (Tate objects) Let b be a non-negative integer. We define the
For an object M in C ′ Q,R , M S is Z-torsion-free, hence we get an isomorphism:
Definition 3.1.7. We denote by C Q,R the category with objects M (b), where M is an object in C ′ Q,R and b ∈ Z. As morphisms we set
For two truncation sets Q ⊂ Q ′ , we have an obvious functor
The category C Q,R is additive and via
For an integer b, the functor
is an equivalence and has
The tensor product equips C Q,R with the structure of a ⊗-category with identity object 1.
3.1.8. Internal Hom. The reason for introducing the new category C Q,R is the internal Hom construction. Let M, N be two objects in C ′ Q,R , fix positive integers a M , a N and β n,M , β n,N as in (3.1.1). In a first step we are going to define an object Hom ′ (M, N ) in C ′ Q,R that depends on the choice of a M . We set
We note that
since M S is finitely generated and projective. We define
This definition depends on a M . It is easy to check that Hom
as an object in C Q,R . In view of Lemma 3.1.4 this definition is independent of any choices. For two objects M (b 1 ), N (b 2 ) in C Q,R we set
3.1.9. For three objects M, N, P in C Q,R we have an obvious natural isomorphism Hom(M ⊗ N, P ) = Hom(M, Hom(N, P )).
Proposition 3.1.10. For objects M, N in C Q,R we have a natural isomorphism
Proof. We may assume that M, N ∈ C ′ Q,R . Fix a M and β M,n as in (3.1.1). We need to show that
and know that
For M ∈ C Q,R we define the dual by
It equips C Q,R with the structure of rigid ⊗-category. We have
3.1.11. Functoriality.
Proposition 3.1.12. Let R − → A be a ring homomorphism between Z-torsion-free rings. The assignment
defines a functor
The functor can be extended in the obvious way to a functor C Q,R − → C Q,A .
Proof. Straightforward.
3.1.13. Our motivation for introducing C Q,R comes from geometry.
Proposition 3.1.14. Assumptions as in Theorem 2.2.1. Let Q be a non-empty truncation set. For all i ≥ 0 the assignment
Proof. Theorem 2.2.1 implies that these modules are projective and finitely generated. For the construction of φ n and β n see Section 1.2.15.
Definition 3.1.15. Let X − → Spec(R) be a morphism such that the assumptions of Theorem 2.2.1 are satisfied. For all i, we denote by H i dRW (X/W(R)) the object in C R that is given by S → H i dRW (X/W S (R)) (Proposition 3.1.14). We call H * dRW (X/W(R)) the de Rham-Witt cohomology of X. 3.1.16. Let X, Y be smooth proper schemes over R such that the assumptions of Theorem 2.2.1 are satisfied for X and Y . The multiplication
The tangent space functor. We have a functor of rigid ⊗-categories T : C Q,R − → (finitely generated and projective R-modules)
Proposition 3.2.1. The functor T is conservative, i.e. if T (f ) is an isomorphism then f is an isomorphism.
Proof. It is sufficient to consider a morphism f : M − → N in C ′ Q,R . We need to show that f S : M S − → N S is an isomorphism provided that f {1} is an isomorphism. We may choose a positive integer a and β M,n , β N,n as in (3.1.1). By Lemma 3.1.4 the morphism f commutes with β n .
Let n := max{s | s ∈ S}; by induction we know that f T is an isomorphism for T = S\{n}. Set I = ker(W S (R) − → W T (R)), we know that I = {V n (λ) | λ ∈ R}. It suffices to show that (3.2.1)
which implies V n (λ)x = 0. For the surjectivity of (3.2.1) we note that, by induction, for every y ∈ N S there is x ∈ M S with f S (x) − y ∈ IN S . Therefore it suffices to show that I a N S is contained in the image of f S . Now, 
Proof. This is an application of Proposition 3.2.1, because
Proposition 3.2.3. The functor T is faithful.
Proof. It is sufficient to consider a morphism f :
We need to show that f S : M S − → N S vanishes provided that f {1} is zero. We may choose a positive integer a and β M,n , β N,n as in (3.1.1). By Lemma 3.1.4 the morphism f commutes with β n .
Let n := max(S); by induction we know that f T = 0 for T = S\{n}, so that for all x ∈ M S the image f S (x) is of the form f S (x) = V n (λ)y. Since
we conclude λ · φ n (y) = 0 and n a−1 V n (λ)y = 0, hence f S (x) = 0.
3.2.4. The following proposition shows that an object in C ′ Q,R , where R is a Z (p) -algebra, is determined by the p-typical part, that is, on its values for truncation sets consisting of p-powers. Recall the notation S p from Notation 1.1.7.
Proposition 3.2.5. Let R a Z-torsion-free ring. Let Q be a truncation set. Suppose p is a prime such that ℓ −1 ∈ R for all primes ℓ ∈ Q\{p}. Let M, N be C ′ Q,R -modules. (1) Via the equivalence of (1.1.3):
is an equivalence of categories.
Proof. For (1). First one proves that the projection ǫ 1 M S − → M Sp is an isomorphism (see Notation 1.1.7 for S p ). The second step is the isomorphism φ n : ǫ n M S − → ǫ 1 M S/n , with ǫn n a β n as inverse. Statement (2) is obvious, and (3) follows from (1) and (2). Proposition 3.2.6. Let R a Z-torsion-free ring. Let Q be a truncation set. Suppose p −1 ∈ R for all primes p ∈ Q. Then T : C ′ Q,R − → (finitely generated and projective R-modules) defines an equivalence of categories.
3.2.7. Let P be a set of primes (maybe infinite). We set
. Let A be a commutative ring. We denote by Mod A the category of A-modules. We define the category Mod A,P to be the category with objects
where M p is an A ⊗ Z Z P \{p} -module, and α p,ℓ :
The morphisms of Mod A,P are defined in the evident way.
If P is finite and non-empty, then the evident functor
is an equivalence of categories, because we can glue quasi-coherent sheaves. If P is infinite then this may fail to be an equivalence, but we still have the following properties, whose proof is left to the reader.
(ii) For every N ∈ Mod A such that N − → N ⊗ Z Z P is injective, and every M ∈ Mod A the following map is an isomorphism:
(iii) Suppose that A − → A⊗Z P is injective. LetM = ((M p ), (α p,ℓ )) ∈ Mod A,P be such thatM p is a finitely generated and projective A ⊗ Z Z P \{p} -module for all p ∈ P . Then there exists a finitely generated and projective M ∈ Mod A such that R P (M ) ∼ =M .
For a positive integer a, we denote by C ′ Q,R,a the full subcategory of C ′ Q,R consisting of objects such that there exist {β n } n as in (3.1.1) for a.
Definition 3.2.9. Let Q be a non-empty truncation set, and let P be the set of primes of Q. We denote by LC ′ Q,R,a the category with objects
The morphisms are defined in the evident way.
Broadly speaking the next proposition shows that the category C ′ Q,R,a is glued from the local components via the functor T .
Proposition 3.3.2. Let R be a smooth Z-algebra. Let X be a smooth projective scheme over R such that H * dR (X/R) is a projective R-module. Suppose that X is connected of relative dimension d. There is an isomorphism
and a natural morphism in C R :
Proof. Certainly, we may suppose that Spec(R) is integral.
Step: Reduction to X/R has geometrically connected fibres.
, L is a finiteétale R-algebra. It suffices to show the existence of an isomorphism
in C L such that τ {1} is the trace map. In view of
with tr :
. The morphism (3.3.3) is functorial because it induces the usual trace map after evaluation at {1}. Therefore we may assume R = L in the following.
2.
Step: Proposition 3.2.6 implies the existence of a unique isomorphism
−1 after evaluation at {1}. In other words, there is a unique system (e S ) S with e S ∈ H 2d dRW (X/W S (R)) ⊗ Q such that (1) π S,T (e S ) = e T for all T ⊂ S, where π S,T is induced by the projection
Our goal is to show (3.3.4) e S ∈ H 2d dRW (X/W S (R)) for every finite truncation set S. The strategy of the proof will be to show this for X = P d R first. The next step will be to prove that (3.3.4) is local in Spec(R). Locally on Spec(R) we can find generically finite morphisms to P d , which can be used together with the explicit description of de Rham-Witt cohomology after completion (Proposition 2.2.4) to prove the claim.
3.
Step: Suppose X = P . We obtain
Note that Tr :
/WS (R) ) ∼ = − → W S (R) and δ S := Tr −1 (1) satisfies φ * n (δ S ) = n d · δ S/n . Therefore e S = g * (δ S ), which proves (3.3.4) in the case of a projective space.
4.
Step: We claim that in order to prove (3.3.4) it is sufficient to prove 5.
Step: We will show (3.3.6). We may pass from Spec(R) to a neighborhood Spec(R ′ ) of m. Let R ′ be such that there exists a generically finite R ′ -morphism f : X × Spec(R) Spec(R ′ ) − → P Set p = char(R/m). To prove (3.3.6) we may assume that S = {1, p, . . . , p n−1 }. Then Proposition 2.2.4(ii) yields the claim, because for the de Rham cohomology we know that f * (Tr −1 (1)) is divisible by deg(f ). In order to prove Proposition 3.3.3 we will need a sequence of lemmas.
Lemma 3.3.4. Let R be a local noetherian ring. Let X/R be a smooth projective R-scheme such that every connected component of X has relative dimension d ≥ 0 over Spec(R). Let L be a relative ample line bundle. There is n > 0 satisfying the following property: for every k ≥ 1 there is a section s ∈ H 0 (X, L ⊗kn ) such that V (s) is smooth of relative dimension d − 1 over R.
Proof. Let y ∈ Spec(R) denote the closed point. For n ≫ 0 we have H i (X y , L ⊗n |Xy ) = 0 for all i > 0. By semicontinuity we get H i (X, L ⊗n ) = 0 for all i > 0, and
|Xy ) is surjective. Replace L by a power such that this holds for all n ≥ 1.
If the residue field of R is infinite then we can find a section s y ∈ H 0 (X y , L ⊗n |Xy ) such that V (s y ) is smooth of dimension d − 1. In the case of a finite residue field we have to use [Poo04] and may have to replace L by a high enough power again.
Let s be a lifting of s y to H 0 (X, L ⊗n ), set H := V (s). If d = 0 then H is empty, because it has empty intersection with the special fibre. For d ≥ 1, H is flat by the local criterion for flatness, because it has transversal intersection with the special fibre. Since H − → Spec(R) is flat and the special fibre is smooth, we conclude that H is smooth. By Chevalley's theorem, H is of relative dimension d − 1.
